DISCRETE LINEAR GROUPS CONTAINING 
ARITHMETIC GROUPS 



INDIRA CHATTERJI AND T. N. VENKATARAMANA 

Abstract. If H is a simple real algebraic subgroup of real rank 
at least two in a simple real algebraic group G, we prove, in a sub- 
stantial number of cases, that a Zariski dense discrete subgroup of 
G containing a lattice in H is a lattice in G. For example, we show 
that any Zariski dense discrete subgroup of SL n (R) (n > 4) which 
contains SLs(Zi) (in the top left hand corner) is commensurable 
with a conjugate of S , L„(Z). 

In contrast, when the groups G and H are of real rank one, we 
prove that a lattice A in a real rank one group H embedded in a 
larger real rank one group G extends to a Zariski dense discrete 
subgroup r of G of infinite co- volume. 



1. Introduction 

In this paper, we study special cases of the following problem raised 
by Madhav Nori: 

Problem 1. (Nori, 1983) If H is a real algebraic subgroup of a real 
semi-simple algebraic group G, find sufficient conditions on H and G 
such that any Zariski dense subgroup T of G which intersects H in a 
lattice in H , is itself a lattice in G. 

If the smaller group if is a simple Lie group and has real rank strictly 
greater than one (then the larger group G is also of real rank at least 
two), we do not know any example when the larger discrete group Y is 
not a lattice. The goal of the present paper is to study the following 
question, related to Nori's problem. 

Question 2. If a Zariski dense discrete subgroup of a simple non- 
compact Lie group G intersects a simple non-compact Lie subgroup H 



1991 Mathematics Subject Classification. Primary 22E40, Secondary 20G30 
Indira Chatterji, Universite d'Orleans, Route de Chartres, 45000 Orleans, 
FRANCE. Partially supported by NSF grant DMS 0644613. 

T. N. Venkataramana, School of Mathematics, Tata Institute of Fundamental Re- 
search, Homi Bhabha Road, Bombay - 400 005, INDIA. Supported by J.C. Bose 
Fellowship for the period 2008-2013. 

1 



2 



INDIRA CHATTERJI AND T. N. VENKATARAMANA 



in a lattice, is the larger discrete group a lattice in the larger Lie group 
G? 

Analogous questions have been considered before: (e.g. |F-K] . Bass- 
Lubotzky |B-L] . Hee Oh [U]), and [V2j ) . In the present paper, we give 
some positive evidence for this conjecture. 

For example, consider the "top left hand corner" embedding 

SL k C SL n , (k > 3). 

The embedding is as follows: an SL^ matrix M is thought of as an 
n x n matrix M' such that the first k x k entries of M' are the same 
as those of M, the last (n — k) x (n — k) entries of M' are those of the 
identity (n — k) x (n — k) matrix, and all other entries of M' are zero. 

Theorem 3. Suppose that SL 3 is embedded in SL n (in the "top left 
hand corner") as above. Suppose that V is a Zariski dense discrete 
subgroup of SL n (WL) whose intersection with SL 3 {R) is a subgroup of 
SL 3 (Z) of finite index. Then, T is commensurate to a conjugate of 
SL n (1i), and is hence a lattice in SL n (M). 

We may similarly embed Sp k C Sp g in the "top left hand corner", 
where Sp g is the symplectic group of 2g x 2g-matrices preserving a 
non-degenerate symplectic form in 2g- variables. Denote by Sp g (Z) the 
integral symplectic group. 

Theorem 4. IfF is a Zariski dense discrete subgroup of Sp g (13L) whose 
intersection with Sp2$&) is commensurate to Sp2(Z) then a conjugate 
ofT is commensurate with Sp g (Z) and hence T is a lattice in Sp g (M). 

The proof of Theorem [3] (as does the proof of Theorem H]) depends on 
a general super-rigidity theorem for discrete subgroups T which contain 
a "large" enough higher rank lattice. More precisely, our main result 
is the following. 

Let P be a minimal real parabolic subgroup of the simple Lie group 
G and let denote by S and iV respectively a maximal real split torus of 
P and the unipotent radical of P. Let A be the connected component 
of identity in S. Denote by Pq the subgroup AN of P (if G is split, then 
P = P; in general we have replaced the minimal parabolic subgroup 
P by a subgroup Pq which has no compact factors such that P/Po is 
compact). Let K be a maximal compact subgroup of G. We have the 
Iwasawa decomposition G = PqK = ANK. Assume that the isotropies 
of H in its action on the quotient G/Pq are all positive dimensional and 
non-compact. 
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Theorem 5. Let H be a semi-simple subgroup of the simple Lie group 
G with M.—rank(H) > 2. Let T be a Zariski dense subgroup ofG whose 
intersection with H is an irreducible lattice in H . Let G = NAK be 
the Iwasawa decomposition ofG as above and Pq = AN. If the isotropy 
of H acting on G/Pq is positive dimensional at every point of G/Pq, 
then r is a super-rigid subgroup of G. 

The conditions of Theorem [5] are satisfied if the dimension of H is 
sufficiently large (for example, if dim(K) < dim(H)). We then get the 
following Theorem as a corollary of Theorem [5j 

Theorem 6. Let T be a Zariski dense discrete subgroup of a simple 
Lie group G which intersects a semi-simple subgroup H of G (with 
M>—rank(H) > 2) in an irreducible lattice. Let K be a maximal compact 
subgroup of G and assume that dim(H) > dim(K). Then T is a super- 
rigid subgroup ofG. 

Here, super- rigid is in the sense of Margulis jM] ■ That is, all linear 
representations - satisfying some mild conditions - of the group T vir- 
tually extend to (i.e. coincide on a finite index subgroup of T with) 
a linear representation of the ambient group G. If Nori's question is 
in the affirmative, then T must be a lattice and by the Super-rigidity 
Theorem of Margulis, must satisfy the super-rigidity property; Theo- 
rem [6] is therefore evidence that the answer to our question is "yes" . 

It was Madhav Nori who first raised the question (to the second 
named author of the present paper) whether these larger discrete groups 
containing higher rank lattices have to be lattices themselves (i.e. arith- 
metic groups, in view of Margulis' Arithmeticity Theorem). We will in 
fact show several examples of pairs of groups (H, G), such that T does 
turn out to be a lattice, confirming Nori's guess (see Theorem [3] and 
Corollary [Q) . 

For instance, as a consequence of Theorem [6] we obtain the following. 

Corollary 1. If n > 4 and H = SL n ^(R) C SL n (M) and T is a 
Zariski dense subgroup of SL n (R) which intersects SL n _i(WL) in a fi- 
nite index subgroup of SL n _i(Z), then a conjugate of T in SL n (R) is 
commensurate to SX n (Z). 

Analogously, we prove 

Corollary 2. If g > 3, then under the standard embedding Sp g -\ C 
Sp g , every Zariski dense discrete subgroup of Sp g (M) which contains a 
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finite index subgroup of Sp g -i(Z) is commensurable to a conjugate of 
S Pg (Z). 

The proof of Theorem [5] runs as follows. 

We adapt Margulis' proof of super-rigidity to our situation; the proof 
of Margulis uses crucially that a lattice T acts ergodically on G/S for 
any non-compact subgroup S of G, whereas we do not have the ergod- 
icity available to us. We use instead the fact that the representation of 
the discrete group T is rational on the smaller group A. 

Given a representation p of the group T on a vector space over a local 
field k', we use a construction of Furstenberg to obtain a T-equivariant 
measurable map (p from G/Pq into the space V of probability measures 
on the projective space of the vector space. Using the fact that the 
isotropy subgroup of H at any point in G/P is non-compact, we de- 
duce that on if-orbits, the map is rational, and by pasting together 
the rationality of many such orbits, we deduce the rationality of the 
representation p. 

Theorem [6] implies Corollary [1] as follows: the super-rigidity of V in 
Corollary [1] implies, as in [Mj, that T is a subgroup of an arithmetic sub- 
group T of SL n (M). It follows that the Q-form of SL n (M.) associated 
to this arithmetic group has Q-rank greater than n/2. The classifica- 
tion of the Q-forms of SL n (M) then implies that the Q-form must be 
SL n (Q) and that T is commensurate to a subgroup of SL n (Z). Since T 
is Zariski dense and virtually contains S'L ri _i(Z), it follows from [VI] 
that T is commensurate to ST n (Z). 

We now give a list (not exhaustive) of more pairs (H, G) which satisfy 
the condition (dim(H) > dim(K)) of Theorem [6l 

Corollary 3. If (H, G) is one of the pairs 

(1) H = Sp g C SL 2g with g > 2, or 

(2) H = SL P x SL P c G = SL 2p with p>3 

(3) H = Sp a X Sp a C G = Sp 2a With I <d. 

then any Zariski dense discrete subgroup F of G(M) whose intersec- 
tion with H(JRL) is an irreducible lattice, is super-rigid in G(M). 

There are examples of pairs (H, G) satisfying the condition of Theo- 
rem [5] which are not covered by Theorem [61 In the cases of the follow- 
ing Corollary, it is easy to check that dim(H) = dim(K) and that the 
isotropy of H at any generic point of G/P is a non-compact Cartan 
subgroup of H. When G = H(C), we view G as the group of real 
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points of a complex algebraic group, and Zariski density of a subgroup 
r C G is taken to mean that T is Zariski dense in G(C) = H(C) x H(C). 

Corollary 4. Let H be a real simple Lie group with R — rank(H) > 
2 embedded in the complex group G = H(C). If H has no compact 
Cartan subgroup, then every Zariski dense discrete subgroup T of G 
which intersects H in a lattice is super-rigid in G. 

Notice that Theorem [6] and Theorem [5] allow us to deduce that if V is 
as in Theorem [H] or Theorem El then T's is a subgroup of an arithmetic 
group in G (see Theorem I2U1) . reducing Nori's question to the following 
apparently simpler one: 

Question 7. // a Zariski dense subgroup V of a lattice in a simple 
non- compact Lie group G contains a higher rank lattice of a smaller 
group, is V itself a lattice in G? 

We now describe the proof of Theorem [31 If Theorem is to be ap- 
plied directly, then the dimension of the maximal compact of SL n (M.) 
must be less than the dimension of SL^(R), which can only happen if 
n = 4; instead, what we will do, is to show that the group generated by 
SLs(Z) (in the top left hand corner of SL n (R) as in the statement of 
Theorem [3]) and a conjugate of a unipotent root subgroup of SX 3 (Z) by 
a generic element of T, (modulo its radical), is a Zariski dense discrete 
subgroup of SX 4 (1R). By applying Corollary [1] for the pair SX 3 (1R) and 
5X4 (M), we see that the Zariski dense discrete subgroup T of SL n {R) 
contains, virtually, a conjugate of SX 4 (Z). 

We can apply the same procedure to SL4 instead of SL 3 and ob- 
tain SX 5 (Z) as a subgroup of T, and finally obtain that T virtually 
contains a conjugate of SX n (Z). This proves Theorem [31 The proof of 
Theorem H] is similar: use Corollary [2] in place of Corollary [TJ 

When G has real rank one, we show (Theorem I2"l"j) . that the answer 
to the counterpart of Question [2] is in the negative! That is, given 
H C G with R — rank(G) = 1, and a lattice A C H, one can always 
produce a Zariski dense discrete subgroup r in G which is not a lattice 
in G, whose intersection with H is a subgroup of finite index in A. 
The method is essentially that of Fricke and Klein [F-K] who produce, 
starting from Fuchsian groups, Kleinian groups of infinite co-volume, 
by using a "ping-pong" argument. 
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2. Preliminaries on measurable maps 

The aim of this section is to recall a few well known facts used in 
the proof of Theorem [6] and prove the following key fact. 

Proposition 8. Let H be a Q-simple, simply connected algebraic group 
with R — rank (H) > 2 and A C H(Z) an arithmetic subgroup. Let 
p : A — ► G'(k') be a representation, where G' is a linear algebraic group 
over a local field k' of characteristic zero. Suppose that S C if (R) a 
closed non-compact subgroup and let J C G'(k') be an algebraic sub- 
group. Let <p : H(M.)/S — > G'(k')/J be a Borel measurable map which 
is A- equivariant. Then the map (f> : H(R)/S — > G'(k')/J is a rational 
map. More precisely: 

If k! is an archimedean local field, there exist a homomorphism p : 
H(M) — > G'(k') of real algebraic groups defined over R and a point 
p G G'{k')J J, such that the map <f>(h) = p(h)(p) for all h e H(R) (and 
is therefore an R -rational map of real varieties). 

If k' is a non- archimedean local field, then the map is constant. 

An important ingredient in the proof is the following generalisation 
of the Ergodicity Theorem of Moore (see [Z], Theorem (2.2.6)). 

Lemma 9. Let H be a Q-simple, simply connected algebraic group with 
R — rank(H) > 1 and A C if(Z) an arithmetic subgroup. For any 
closed non-compact subgroup S C H{R), the group A acts ergodically 
on the quotient H(M.)/S. 

The Q-simplicity of H implies that there exists a connected abso- 
lutely almost simple simply connected group H defined over a number 
field K, such that H = Rk/q(H ), where Rk/q(H ) is the Weil restric- 
tion of Hq from K to Q. Consequently, 

H(R) = H (K (g) R) = H H (K a ), 

agoo 

where oo denote the set of equivalence classes of archimedean em- 
beddings of K. Let A C oo denote the archimedean embeddings 
{a} such that H (K a ) is non-compact. Then, H = H u x H* where 
H u ■= n a gooV4^o(^a) is a compact group, and H* := U aeA H (K a ) 
is a semi-simple group without compact factors. 

Lemma 10. Let H be a Q-simple, simply connected algebraic group 
with R — rank (H) > 1 and A C ff(Z) an arithmetic subgroup. Suppose 
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that 71 is a unitary representation ofH(M) on a Hilbert space, such that 
for any simple factor H a of H* , the space ir Ha of vectors of tt invariant 
under the subgroup H a is zero. Then, the space tt s of vectors in tt 
invariant under the non-compact subgroup S C H(M.) is also zero. 

Proof. By the Howe-Moore theorem, (see [Z], Theorem (2.2.20)), there 
exists a proper function H : H* — > [0, +oo) (where [0, +oo) is the closed 
open interval with end points and +oo) with the following property. 
Let 7r be a unitary representation of H* on a Hilbert space V such 
that for any non-compact simple factor H a := H (K a ) the space of 
invariants V a is zero. For v,w G H, denote their inner product by 
< v, w > and define | v | by the formula | v | 2 =< v, v >. Then, for all 
v, w G V, and all g G H* we have 

i \ i I v II w I 

< K{g)v,w >\< . 

Suppose now that tt is a unitary representation of H(M) on a Hilbert 
space such that for any non-compact simple factor H a of H* , the space 
of H a invariants in tt is zero. Let g G S C H(R) = H* x H u ; we 
write g = (g*,g u ) accordingly. Then, by the estimate of the preceding 
paragraph applied to g* G H* and the vectors Tr(g u )v in place of v, and 
v in place of w, we get: 

. . . | v || v | 

< 7T(g)V,V >\< —— — — . 

If tt has non-zero S*-invariant vectors v (say, of norm 1), then the forego- 
ing estimate shows that H(gr*) is bounded on S, which by the properness 
of H implies that S is compact; since this is false by assumption, we 
have proved that tt does not have any non-zero vectors invariant under 
S. □ 

We are now ready to complete the proof of Lemma [9j 

Proof of Lemma\Q Let Vq = L 2 [A\H(M.)] be the space of square inte- 
grable functions on A\H(M.); the latter space has finite volume, and 
hence contains the space of constant functions. For any simple factor 
H a of H* C H(R), the space V^ a is just the space of constants, by 
strong approximation (see [M] , Chapter (II), Theorem (6.7); in the no- 
tation of [M] , we may take B = {a} to be a singleton). Consequently, 
if tt denotes the space of functions in Vq orthogonal to the constant 
functions, then tt satisfies the assumptions of Lemma [TDJ Therefore, 
by Lemma [TO] tt s = 0, and hence the only functions on A\H{R) invari- 
ant under the non-compact group S are constants. This proves Lemma 
EE □ 
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We now record a consequence of Lemma [9] which will be used in the 
proof of Proposition [SJ 

Lemma 11. Let H be a Q-simple, simply connected algebraic group 
with M — rank (H) > 1 and A C if(Z) an arithmetic subgroup. Suppose 
that s G H(M) generates an infinite discrete subgroup and let t : s z — > Z 
be an isomorphism. Then, any s z -equivariant Borel measurable map 

(f)* : A\H(R) -> Z 

zs constant. 

Proof. The group s z generated by s is non-compact, therefore accord- 
ing to Lemma [9j for every m ^ 0, the group s mZ acts ergodically on 
A\H(WL). Since Z is discrete, the orbits of s mZ in Z are closed. Com- 
posing 0* with the projection Z — > Z/mZ gives an s mZ -equivariant 
map 

0* : A\#(R) -> Z/mZ. 

Hence by Proposition (2.1.11) of [Z], the map 0* is essentially con- 
stant so that the image of 0* is essentially contained in an orbit of s mZ ; 
that is, there exists a set E m of measure zero in A\H(M.) such that 
the image under <ft* of the complement F m of E m is contained in an 
orbit of s mZ . The intersection of all these orbits is non- empty, since 
it contains the image of the countable intersection n m jL F m , which is 
a set of full measure. In that case, the image must be a point: if p, q 
lie in the image, then for every m/0, there exists an integer n such 
that q = T(s mn )(p); that is p — q = mnr(s) = ±mnr(s); therefore 
p — q = 0. □ 

The following is a version of the Margulis super-rigidity theorem, 
except that the Zariski closure of the image p(A) is not assumed to 
be an absolutely simple group and that p(A) is not assumed to have 
non-compact closure in G'(k') if k' is archimedean. 

Theorem 12. (Margulis) Let H be a Q-simple simply connected al- 
gebraic group defined over Q of K — rank (H) > 2, A C if(Z) an 
arithmetic subgroup and p : A — ► G'(k') a homomorphism into a linear 
algebraic group over a local field k' of characteristic zero. 

(1) (|MJ, Chapter (VIII), Theorem (3.4) part (a)): Ifk! is archimedean, 
then the map p coincides, on a subgroup of finite index, with a repre- 
sentation p : H(R) -> G'(k'). 

(2) ([M\, Chapter (VIII), Theorem (5.9) part(a)): If the local field k' 
is non- archimedean, then p(A) is contained in a compact subgroup of 
G'(k'). 
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We can now prove the main result ( Proposition EJ) of this section. 

Proof of Proposition^ Suppose first that k! is archimedean. Let A' C 
A be a subgroup of finite index such that there exists (according to The- 
orem [12] quoted above) a representation p : H(M) — > G'(k') which coin- 
cides with p on A'. Consider the map 4>*(h) = p(h)~ l (cf){h)) from H(M) 
into the quotient G'(k')/J. Then, for all 5 G A', he H(R) , s G S, we 
have <f>*(Sh) = <f>*{h) and <f>*(hs) = p(s) -1 (0*(/i)). That is, the map 0* 
is A' invariant and S-equivariant for the action of H(M) on G'(k')/J 
via the representation p. 

The representation p is algebraic; moreover, since k' is archimedean, 
by assumption the group J is a real algebraic subgroup of G'(k'), and 
hence the action of H(M) on G'(k')/J is smooth. Let Si denote the 
Zariski closure of the image p(S). The Si-action on G'(k') / J is smooth, 
hence the quotient Si\G'{k')/J is countably separated. On the other 
hand, by Lemma [91 the action of S on A'\H(M.) is ergodic. Hence, by 
Proposition (2.1.11) of [Z], the image of </>* is essentially contained in 
an Si-orbit i.e. there exists a Borel set E of measure zero in H(M)/S, 
such that the image under of the complement of E is contained in 
an Si -orbit. 

Since S is a non-compact Lie group, S contains an element s of infi- 
nite order which generates a discrete non-compact subgroup. We may 
replace S by the closure of the group generated by the element s and 
assume that S is abelian. Similarly, we may replace Si by the Zariski 
closure of the image of s z and assume that Si is also abelian. Hence 
the Si -orbit of the preceding paragraph is of the form Si/S 2 with S 2 
an algebraic subgroup of the abelian group Si. 

Suppose that the inverse image S' — S H p -1 ^) is a non-compact 
subgroup. By Lemma the group S' acts ergodically on A\H{R); 
therefore, the map <fi* - being S' invariant - is constant: <p* (A\H (M.)) = 
{p} for some point p G G'(k')/J. That is <p(h) = p(h)(p), and is ratio- 
nal. 

Suppose that S' is compact. Since s z generates a discrete non- 
compact subgroup and S' is compact, the image sf := p(s z ) also 
generates a discrete non-compact subgroup in S1/S2 (p being an al- 
gebraic, hence continuous, map). Hence -orbits in S1/S2 are closed 
so that the space sf\Si/S 2 is countably separated. By Lemma [9] s z 
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acts ergodically on A\H(M). By applying Proposition (2.1.11) of [Z] 
to the sf-invariant map 0* : A\H(WL) — > sf\Si/ S2, we deduce that the 
image of 0* is essentially contained in an orbit of s\ in the quotient 
group S1/S2. Then, by Lemma [TT| it follows that 0* is constant. 

Therefore, 0*(/i) = pG G'(k')/J is constant, and 0(/i) = p(h)(p) is a 
rational map under the assumption that k' is an archimedean local field. 

If k' is non-archimedean, then by Theorem [12], the image p(A) is 
contained in a compact group if which acts smoothly on G'(k')/J so 
that K\G'(k')/J is countably separated. The group A acts ergodically 
on H(W)/S. Hence, by Proposition (2.1.11) [Z], the S'-invariant map 
<p : A\H(M.) — > K\G'(k')/J is essentially constant, and therefore the 
image of is essentially contained in an orbit of K. 

Since if is a compact subgroup of the p — adic group G'(k'), it has 
a decreasing sequence of open subgroups (if n )(n>i) (of finite index in 
K) such that the intersection r\ n >\K n = {1} is trivial. Then A n = 
A fl p~ l (K n ) is of finite index in A. By Theorem [12] applied to A n , 
it follows that the image of is contained in an orbit of K n for each 
n > 1. But since the subgroups if n 's converge to the identity subgroup, 
it follows that the image of is a singleton. That is, is constant. □ 

We now mention two consequences of Fubini's Theorem we will need 
in the proof of Theorem 

Notation 1. Suppose that H is a locally compact Hausdorff second 
countable topological group with a Haar measure p and assume that 
(if, p) is a-finite. Suppose that (X, v) is a cr-finite measure space on 
which H acts such that the action if x X — > X - denoted (h, x) 1— > hx 
- is measurable and so that for each h £ H, the map x ^ hx on X 
preserves the measure class of v. Let Z be a measure space and let 
/ : X —>■ Z be a measurable map. Given a measure space (X, z/), we 
will say that a measurable subset X\ C X is co-null, if the complement 
X \Xi has measure zero with respect to v. 

Lemma 13. Under the preceding notation, suppose that there exists a 
co-null subset X\ £ X such that for each x £ X\, the map h 1— > f(hx) 
is constant on a co-null subset H x of H . 

Then, given h £ H , there exists a measurable subset X h which is 
co-null in X 1; such that 

f(hx) = f(x) Vx£X h . 
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Proof. This is essentially a consequence of Fubini's Theorem. Define 
E = {(h,x) G H x X : hx G X x }. Then, for each h G H, we have 

E h d = {x G X : hx G Xi} = h~ 1 {Xi). Therefore E h is co-null and 
hence by Fubini's Theorem, E is co-null in H x X. 

Given ho G H, y G X\ and h G H, consider the set 

W y = {h G H : f(h hy) = f(hy)}. 

Since W y D h^Hy H iJy, it follows that is co-null in if. Consider 
the set Ei = {(h,y) G E : y G Xi, and f(h hy) = f(hy)}. Then £1 is 
measurable and co-null in by Fubini, since, for each y G Xi, the set 

Ef is nothing but W y and is co- null. Write X ho *± {hy : (h, y) G Ei}. 
Then, Xh C Xl (since for every (/i, y) G -E we have G Xl) and 
for almost all h, we have (^i)/, = {y £ Xi : hy £ Xh Q } = h~ l Xh Q is 
measurable and co-null. Hence Xh is measurable and co-null in X\. 

Let x G X/j . Then, by the definition of the set Xh , there exists 
(h,y) G Ei such that x = hy. Moreover, f(hox) = f(h$hy) = f(hy) = 
f(x) (the last but one equation holds because (h, y) G E ± ). This proves 
the Lemma. □ 

Notation 2. Let G be a locally compact Hausdorff second countable 
group with a a-finite Haar measure. Equip G x G with the product 
measure /iX/i. Let Z be a measure space and / : G — > Z a measurable 
map. 

The following lemma is again a simple application of Fubini's Theo- 
rem. 

Lemma 14. With the preceding notation, suppose that given g G G, 
there exists a measurable co-null subset X g C X, such that 

f(gx) = f(x) WxeX 9 . 

Then there exists a measurable co-null subset Y C X snc/i that y i— > 
/(y) is constant on Y . 

Proof. Let £ = {(3,x) GGxG: f{d x ) — f{ x )}- Then is measurable 
and for almost all g <E G, the set = G G : x) G E} is 
measurable. Moreover, by the definition of E, E g = {x G G : /(^x) = 
f(x)} and hence contains the co-null subset X g . Therefore, E g is co- 
null for almost all g G G, which implies, by the Fubini Theorem, that 
E is co-null in G x G. Hence, again by the Fubini Theorem, there 
exists a co-null subset Xi in G such that for all x G Xi, we have 
E x = {g e G : (g,x) G is co-null in G. But by the definition 
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of E, E x = {g G G : f(gx) = f(x)}. Fix x G X v Set Y = E x x. 
Then Y is co-null in G. Given y G Y, there exists g G E x such that 
y = gx. Therefore, f(y) = f(gx) = f(x) for all y G Y. This proves the 
lemma. □ 

Finally, we recall a well known result of Furstenberg we will need, 
commonly known as Furstenberg's Lemma but due to Zimmer in the 
form given below. 

Lemma 15. (Furstenberg, see [Z\, Corollary (4-3.7) and Proposition 
(4-3.9)). Suppose that T is a closed subgroup of a locally compact topo- 
logical group and that Pq is a closed amenable subgroup of G. Let X 
be a compact metric T-space. Then there exists a Borel measurable V- 
equivariant map from G/Pq to V(X), the space of probability measures 
on X . 

3. Proof of the super-rigidity result (Theorem [5]) 
We will now proceed to the proof of Theorem 

In this section, we suppose that if is a semi-simple Lie subgroup of 
a simple Lie group G. Let P be a minimal real parabolic subgroup 
of G and S and N denote respectively a maximal real split torus of P 
and the unipotent radical of P. Let A be the connected component of 
identity in S. Denote by Pq the subgroup AN of P (if G is split, then 
Po = P; in general we have replaced the minimal parabolic subgroup 
P by a subgroup Pq which has no compact factors such that P/Pq is 
compact). Let K be a maximal compact subgroup of G. We have the 
Iwasawa decomposition G = PqK = ANK. 



We will treat the archimedean and non-archimedean cases separately. 

We start by mentioning the following easy observation. 

Lemma 16. Let H be a semi-simple subgroup of simple group G and 
K a maximal compact subgroup of G. assume that dim(H) > dim(K). 
Let G = NAK be an Iwasawa decomposition of G and Pq = NA. 
Then the isotropy subgroup of H at any point in G/Pq is a non-compact 
subgroup of H. 

Proof. Since G/Pq = K, we have dim(G/Po) = dim(K), and since 
dim(H) > dim(K), at any point p G G/Pq, the isotropy of if is a 
positive dimensional subgroup, which is conjugate to a subgroup of Po; 
the latter has no compact subgroups, hence the isotropy of H at p is a 
non-compact subgroup. □ 
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Theorem 17. Suppose T is a Zariski dense discrete subgroup of a 
simple Lie group G which intersects a semi-simple Lie subgroup H (of 
real rant at least two) of G is an irreducible lattice. Suppose that H acts 
with non-compact isotropy at any point of G / Pq ( or that dim(H) > 
dim(K) for a maximal compact subgroup K of G). Then, the group V 
is non-archimedean super-rigid. 

Proof. Suppose that p : T — > G' is a representation of T into an abso- 
lutely simple algebraic group G' over a non-archimedean local field 
k' of characteristic zero with Zariski dense image. 

By a construction of Furstenberg (Lemma [15]) . there exists a V equi- 
variant measurable map from G/Pq into V(G'(k)/P'(k)) where V 
refers to the space of probability measures on the relevant space. Be- 
ing a closed subgroup of P, the group Pq is amenable. 

In particular, the map <fi is A-equivariant. By assumption (or by 
Lemma [TB]) . at any point p G G/Pq, the isotropy of if is a non-compact 
subgroup. 



Now by Corollary (3.2.17) of [Zj, the group G'(k') acts smoothly on 
V{G'{k')/P'{k')) and hence the quotient space V{G'{k')/ P'(k'))/G'{k') 
is countably separated. By Lemma A acts ergodically on H(M)/S. 
Therefore, the map 



is essentially contained in a G"(/c')-orbit (Proposition (2.1.11) of [Z]). 
Write this orbit as G'(k') / J for some closed subgroup J of G'(k'). Then, 
by Proposition [SI the map : H/S — *> G'(k')/J is constant. Therefore, 
by Lemma [TBI given h G H, there exists a co-null set X\ in G/Pq, such 
that <p(hp) = (j)(p) for all p G X\. 

Since G is simple and V is Zariski dense, there exist finitely many 
elements 71, 72, • ■ • 7fe G T such that the span of the Lie algebras of the 
conjugates 7i (if) = jiH'j' 1 is the Lie algebra of G. The existence of 
such a set follows from the simplicity of G and the Zariski density of T 
in G. Then, we apply the conclusion of the preceding paragraph succes- 
sively to the groups ^(H) to conclude that if hi G 74 (H) (1 < i < k), 
then the map x 1— > <fi(h\h2 ■ ■ ■ hkx) does not depend on the hi, on a 
co-null set X±. Since the product set 71 (if) 72 (if) • • - lk (H) contains 
a Zariski open set in G by the choice of the 7,-, by replacing the set 
{7i} with a larger set if necessary, we may assume that the product 
set 71 (H) ■ ■ - 7fc (H) = G. It follows from Lemma [TH that the map is 



P : H/S -> P(G'(k')/P'(k')), h 1 ► 



4>{hp) 
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constant, and hence p(T) fixes a probability measure on G'{k')/P'{k'). 

But the isotropy subgroup in G'(k') of a probability measure \i on 
G \k') I P' \k') is (by [Z]) an extension of an algebraic subgroup G'^ of G' 
by a compact subgroup of G'(k'). Since p(T) is Zariski dense in G'(k') 
it follows that G' is normalised by G'; since G' is absolutely simple, it 
follows that G' is trivial, and p(T) is contained in a compact subgroup 
of G'(k'). 

This means that T is non-archimedean super-rigid in G, and proves 
Theorem [T71 □ 

To treat the non-archimedean case, we need the following prelimi- 
nary result. 



Lemma 18. If f : X Y is a surjective map of irreducible affine 
varieties ov er M., such that X(R) (resp. Y(M.)) is Zariski dense in X 
(resp. Y), and <fi : Y(M) — > R is a set theoretic map such that the 
composite <fi o / is a rational map on X(&), then <ft is a rational map 
on y(R). 

Proof. We may assume - by replacing X by an open set - that X is 
a finite cover U of a an open set U of a product 7 x Z of 7 with an 
affine variety Z; and that the map / is the composite of the covering 
map p :U with the first projection tti : Y x Z — > Y. 

The assumptions imply that the composite p o m o tfi is rational on 
U. Since p is a finite cover, it follows that ~K\ o <p is rational on W (a 
rational map on a finite cover which descends to a function on the base 
is a rational function on the base), and hence rational onYxZ. Since 
this map is independent of the point z G Z, it follows that the map is 
rational on Y (a rational function in two variables which depends only 
on the first variable is a rational function in the first variable). □ 

Theorem 19. Let H be a semi-simple Lie subgroup (of real rank at 
least two) of a simple Lie group G which acts with non-compact isotropics 
on G/Pq (or, which satisfies the stronger condition dim(H) > dim(K) 
for a maximal compact subgroup K of G). Let T C G be a Zariski 
dense discrete subgroup which intersects H in an irreducible lattice. 
Let p : T — > G'(k') be a homomorphism of T, with k' an archimedean 
local field, and G' an absolutely simple algebraic group over k' . If p(T) 
is not relatively compact in G'(k') and is Zariski dense in G' , then p 



DISCRETE LINEAR GROUPS CONTAINING ARITHMETIC GROUPS 15 



extends to an algebraic homomorphism of G into G'(k') defined over 
R. 

Proof. If p is an archimedean representation of V we first prove that on 
each if-orbit, the map is a rational map. More precisely, we prove 
that the map is the composite of an algebraic homomorphism of H 
into G'(k') with the orbit map G'(k') — > G'(k')p with p G V. This is 
exactly the statement of Proposition [8] if H = H(M), where H is sim- 
ply connected. If not, we replace H (resp. A) by the image of H(M) 
where H is the simply connected cover of H (resp. A n H(E.)). The 
conclusion of Proposition [8] is unaltered. 

As in the proof of Theorem [TTJ we fix elements 71,72, • • • ,1k £ Y 
such that the Lie algebras of the conjugates 74 (H) = ^iH^' 1 together 
span that of G. The existence of such a set follows from the simplicity 
of G and the Zariski density of Y in G. Then, we apply the conclusion 
of the preceding paragraph successively to 7i (iJ) to conclude that if 
hi G 7i (H) (with 1 < i < k), then the map x 1— > 4>(hih,2 ■ • • h^x) is 
simply the map 

p(hi)p(h 2 ) ■ ■ ■ p(h k )((j)(x), 
for almost all x G G/Pq, and all hi G Hi . Here 

p{hi) = p(7 i )p( 7 r 1 hi-fi) piliY 1 

is the natural homomorphism on the conjugate 74 (if) into G'(k') ob- 
tained from p : H —>■ G'(k'). 

Since the product set " 1i (H)" 12 (H) ■ ■ ■" 1k (H) contains a Zariski open 
set in G by the choice of the 7«, by replacing the product by a product 
over a larger set of Tj's if necessary, we may assume that the product 
set 74 (if) 72 (H) ■ ■ ■ lk (H) contains all of G (we may assume that G is 
connected). Given g G G, there exist elements hi G 74 (H) (1 < i < k) 
such that g = h\ - • -hk- Thus, given g G G, there exists an element 
R(g) = p{hi) ■ ■ ■ p{h k ) G G'(k') such that for a co-null set Xi C G/P , 
we have 

(1) <j){gx) = R{g)<i>{x) Vx G X x . 

We may assume (since Y is countable), that Xi is T-stable. If R'(g) G 
G'(k') is another element such that the equality ([T]) holds with R\g) 
in place of R(g), then, we have: R(g)~ l R'(g) G I^x), the isotropy of 
G'(k') at the point 4>(x), for each x G X\. Replacing x by 7a; for a 
fixed 7 G T, R(g)~ l R\g) lies in the intersection 

I = n 7er p(7)^(x)P(7) _1 - 
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But the isotropy is an algebraic subgroup of G'(k') (by [Z]). Hence the 
intersection I is also algebraic, but is normalised by the Zariski dense 
subgroup p(T) of G'(k'), and hence is normalised by G'(k'). But G' is 
absolutely simple, hence the intersection is trivial and R{g) = R'{g) 
for all g G G. In particular, #(7) = pipf) for all 7 G V. 

Moreover, the equation 

<t>{gi92x) = R(g 1 )R(g 2 )(j)(x) = R{g x g 2 )<t)(x) 

holds for a fixed gi,g 2 G G, and x G X' a co-null subset of G/P . 
By the uniqueness of R(g x g 2 ) proved in the preceding paragraph, we 
have: R{g\g 2 ) = R(gi)R(g 2 ) for any fixed pair gi,g 2 G G. Hence 
R : G — > G'(k') is an abstract homomorphism. 

The composite of the product map / : Hi x ■ • ■ x Hk — > G and 
the abstract homomorphism R : G — > G'(k') is R o f(hi, ■ ■ ■ ,hj.) = 
p(hi) ■ ■ ■ p{hk), which is rational on Hi x • • • x Hk- Then the map R is 
rational, by virtue of Lemma [TBI 

Theorem [19] now follows since the rationality of R implies the ratio- 
nality of the representation p : F — > G'(k'). □ 

Theorem O is an immediate consequence of Theorem [T7I and Theorem 
[T9l Theorem [6] is a particular case of Theorem in view of Lemma [T6l 

4. Applications (Proof of Corollary [TJ) 

Assume that H = SL^(E.) and G = SL n (R). Under the assump- 
tions of Corollary [TJ we have k — 1 > n/2 and dim(H) = k 2 — 1 > 
dim(G/Po) = n{n — l)/2. Therefore, if T is a Zariski dense discrete 
subgroup of G which intersects if in a lattice, then by Theorem El T 
is super-rigid. We now prove Corollary [TJ 

We now recall a result, which is a generalisation of Margulis' ob- 
servation that super-rigidity implies arithmeticity. However, Margulis 
needed only that the discrete subgroup was a lattice. We have not 
assumed that T is a lattice (indeed, this is what is to be proved), and 
we also do not assume that V is finitely generated. 

Theorem 20. (|V3J^ Let G be an absolutely simple real algebraic group 
and let V be a super-rigid discrete subgroup. Then there exists an arith- 
metic group To of G containing T. 

Suppose To C G is arithmetic. This means that there exists a num- 
ber field F and a semi-simple linear algebraic F-group G such that the 
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group G(M®F) is isomorphic to a product SL n (R) x U of SL n (R) with 
a compact group U. Under this isomorphism, the projection of G(Op) 
of the integral points of G into G is commensurable with T . The 
simplicity of SL n (M) implies that G may be assumed to be absolutely 
simple over F. The group G is said to be an F-form of SL n . Moreover, 
if To contains unipotent elements, then G can not be anisotropic over 
F. Hence F-rank of G is greater than zero. In that case, G(F ® M) 
can not contain compact factors (since compact groups can not contain 
unipotent elements). This means that F = Q. 

We now recall the classification of Q-forms of SL n . 

[1] Let d be a divisor of n and D a central division algebra over Q 
of degree d. Write n = md. Then, the algebraic group G = SL m (D) 
is a Q-form of SL n . The rank of G is m — 1 = n/d — 1. If d > 2, then 
m — 1 < n/2. 

[2] Let E/Q be a quadratic extension and D a central division al- 
gebra over E with an involution of the second kind with respect to 
E/Q. Let d be the degree of D over E, suppose d divides n and let 
md = n. Let h : D m x D m — > E be a Hermitian form with respect to 
this involution, and let G = SU(h). Then, G is a Q-form of SL n ; its 
Q-rank is not more than m/2 = n/2d < n/2. 

The classification of simple algebraic groups (see [T]), implies the 
following. 

Lemma 21. The only Q-forms G of SL n are as above. In particular, 
if G is a Q-form of Q-rank strictly greater than n/2, then G is Q- 
isomorphic to SL n . 

Proof of CorollaryUl By Theorem [HJ the group T is superrigid in G. 
By Theorem [201 T is contained in an arithmetic subgroup Tq of G. 
Since r D T contains a finite index subgroup of S'Lfe(Z) by assump- 
tion, it follows that r contains unipotent elements. Therefore, the 
number field F associated to r is Q. Since H intersects r in SXfc(Z), 
it follows that H is the group of real points of a Q-subgroup H of G. 
Clearly H = SL^ since it contains 5Lfc(Z) in its Q-rational points. The 
Q-rank of G is not less than the Q-rank of H which is A; — l>n/2by 
assumption. 

By Lemma ETJ the Q-form G is isomorphic to SL n . Hence Tq is 
commensurable with SL n {/£). Moreover, the Q-inclusion of H = SL^ 
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in G = SL n is the standard one described before the statement of 
Theorem [3J 

Now, T is Zariski dense and contains SL k (Z). Let e 1; e 2 , • • • e n be the 
standard basis of Q n . Consider the change of basis which interchanges 
e k and e n and all other ej's are left unchanged. After this change of 
basis, (which leaves the diagonal torus stable), the group T (or rather, 
a conjugate of it by the matrix effecting this change of basis) contains 
the highest root group and the second highest root group (in the usual 
notation for SL n the positive roots occur in the Lie algebra of upper 
triangular matrices) . By Theorem (3.5) (or Corollary (3.6)) of [VI] . T 
must be of finite index in 5X n (Z). This proves Corollary [TJ 

□ 

Corollary [2] is proved in an analogous way. 

5. Proof of Theorem [3] 

Notation 3. Let k > 3 and m > 2 be integers, set n = k + m. Fix 
(real) vector spaces W, E and V of dimensions k, m and n respectively. 
Assume that V = W © E. Then there is a decomposition of the dual 
vector spaces V* = W* © E*. Fix a basis w%, W2, ■ ■ ■ ,w k of the vector 
space W. Let w{, w^, • • • , wl be the dual basis in W* C V*. Let 

U = {g G SL(V) : g(w t ) <£ W(l < i < k - 1) and g*(w* k ) £ E* U W*}. 

Then, U is a non-empty set in G which is open in the Zariski topology 
on SL(V). 

We will view SL(W) as a subgroup of SL(V) by letting any element 
of SL(W) act trivially on E. Let U C SL(W) be the unipotent sub- 
group an element of which acts trivially on each w i with 1 < i < k — 1 
and takes w k to Wk plus a multiple of W\. The subspace of vectors 
in V fixed by U . Denote by L(g) the Zariski closure in SL(V) of the 
subgroup generated by SL(W) and gUg^ 1 . 

Lemma 22. With the above notation, (and the assumption that k > 3), 
there exists a Zariski open set U in SL n (R) such that the quotient of 
the group L(g) modulo its radical is isomorphic to SL k +\, for every 
geU. 

Proof. The lemma is equivalent to showing that the Lie algebra 1(g) 
generated by sl(W) and gilieiJJ^g -1 in the Lie algebra sL(V) of the 
group SL(V). We first decompose the space sl(V) as a module over 
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sl(W). Now, V = W © C n k where C is the one dimensional trivial 
si (W)-module. Hence 

sl(V) = sl(W) © C n - k © W © W* © C n - k © E 

where E is a trivial sl(W) module of the appropriate dimension and 
W* is the dual of W. 

The Lie algebra Lie(U) is generated by the linear transformation 
E kl which takes all the elements of the standard basis of R™ to zero, 
except the fc-th basis element w k which is taken to w±. Therefore, the 
kernel of E kl has codimension 1. By the genericity assumption on g, 
the conjugate gE k \g~ l has kernel Fg) (also of codimension 1) which 
intersects E in a subspace of codimension 1: dim(F(g)r\E) = n — k — 1. 

We have the exact sequence 

-> F{g) n E -> 1/ -> n £ -> 

of vector spaces, which is also a sequence of 1(g) modules since all 
the terms are stable under the action of sl(W) and od gLie(U)g~ 1 . 
Moreover, 1(g) acts trivially on F(g) n E. Denote by V the quotient 
V/F(g)C\E, by -E the image of E C V in V. Then .E is one dimensional. 

Moreover, as an s/(W)-module, we have the decomposition V = 
W © E and hence as an si (W) -module, the decomposition 

End(V) = End(W) ®E~®E®W*®E®E*®W. 

Since dim(W) > 3, the irreducible modules W and W^* are non- 
isomorphic; therefore, if a vector in sl(V) projects non-trivially to 
W © E* and to E © W^*, then the s/(W)-module generated by the 
vector contains both the spaces W © E and £ © W*. 

The genericity asumption on g ensures that the projection of gEkig^ 1 
viewed as an endomorphism of V projects non-trivially to W and W* in 
End(V). Hence, by the preceding paragraph, 1(g) contains in its image 
in End(V), sl(W), W* and W; therefore, the image of 1(g) equals 
sl(V). This proves the Lemma. 

□ 

Lemma 23. If A C Q — IR fc+1 x SLk+i(M) is a Zariski dense discrete 
subgroup of Q which contains {0} x S'L fe _ 1 (Z) embedded in SL k (R) in 
the top left hand corner, and if k > 3, then, the group A virtually 
contains a conjugate of SLk+i(Z) . 
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Proof. The group A may be shown to be super-rigid in Q, exactly as in 
the proof of Corollary [TJ since k > 3. This means, by [V3j . that the pro- 
jection of A is contained in an arithmetic subgroup of SX fc+1 (IR), and 
is therefore discrete. The Zariski density of the projection in SL k+ i(B.) 
now implies, by Corollary [TJ that the projection of A is conjugate vir- 
tually to SXfc+i(Z). 

Now, A is a subgroup of a semi-direct product and its projection to 
SL fc + i(R) contains virtually SL k +i(Z). Hence A defines a element of 
the cohomology group H 1 (A',M. n ) where A' C SL k+1 (Z) is a subgroup 
of finite index. But the first cohomology group vanishes, by a Theo- 
rem of Raghunathan ( |R2] ) . for k + 1 > 3, and therefore, A contains, 
virtually, a conjugate of SXfc + i(Z). □ 

We will now begin the proof of Theorem [3j We have SL%(^L) is 
virtually contained (in the top left hand corner) in the Zariski dense 
discrete subgroup V of SX n (R). We will prove by induction, that for 
every k > 3 with k < n, a conjugate of SL k (Z) is virtually a subgroup 
of T. Applying this to k = n, we get Theorem [3J 

Suppose that for some k, we have SXfc(Z) is virtually contained in 
T. Let 7 6 T, and let A = A(7) denote the subgroup of Y generated by 
S'Lfc(Z) and a conjugate of the unipotent element ■yu r y~ 1 (where u is in 
a finite index subgroup of ST^Z), as in Lemma 122]) . Assume further, 
that the element 7 in in the open set U of Notation [3J By Lemma [22J 
the Zariski closure of the group A maps onto SX fc+1 . 

By Lemma 1231 the group A contains, virtually, the group SL k +i(Z). 
We have thus proved that if SL k (Z) C T, then SLfc+i(Z) c T, provided 
k + 1 < n. Thus the induction is completed and therefore Theorem [3] 
is established 

6. The rank one case 

In this last section, we will see that the situation for Nori's question 
is completely different in real rank one. More precisely, we have the 
following result. 

Theorem 24. Let G be a real simple Lie group of real rank one and 
H C G a non-compact semi-simple subgroup. Suppose that A is a 
lattice in H . Then, there exists a Zariski dense discrete subgroup V 
in G of infinite co-volume whose intersection with H is a subgroup of 
finite index in the lattice A. 
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Suppose that H is a simple non-compact subgroup of a simple group 
G of real rank one. Let P be a minimal parabolic subgroup of G which 
intersects H in a minimal parabolic subgroup Q. The g roup G acts on 
G/P and H leaves the open set U = G/P \ H/Q stable. Let A be a 
discrete subgroup of H . 

Lemma 25. Given compact subsets Qi and Q 2 in the open set U, the 
set Uh = {h G H : Ml\ C f^} is a compact subset of H . 
Further, the group A acts properly dis continuously on U. 

Proof. Choose, as one may, a maximal compact subgroup K of G such 
that K n H is maximal compact in H . The set U is invariant under 
H and hence under K D H . We may assume that the compact sets fli 
and Q2 are invariant under K r\H oi H . The Cartan decomposition of 
H says that we may write H = (K fl iJ)A + (.K" fl if) with A a maximal 
real split torus (of dimension one) and A + = {a e A : < a(h) < 1} 
where a is a positive root of A. Let W denote the normaliser modulo 
the centraliser of A in G. This is the relative Weyl group. Since M- 
rank (G) = l, it follows that W = has only two elements. Since 

IR-rank (H) = l, it follows that k E H . We have the Bruhat decompo- 
sition G = P U UkP. 

If possible, let h m be a sequence in Uh which tends to infinity. It 
follows from the previous paragraph that h m = k m a m k' m with k m ,k' m e 
KC\H and a m G A + , and a(a m ) — > as m — > +00. Let p be an element 
of Oi C W. By the Bruhat decomposition in G (G has real rank one), 
it follows that U C U kP, where n is a non-trivial element of the Weyl 
group of A in G and U is the unipotent radical of the minimal parabolic 
subgroup P. We may write p = ukP for some u G U . Since h m p G ^2 
and the latter is compact, we may replace h rn by a sub-sequence and 
assume that h m p converges, say to q G f2 2 . Since ^2 is stable under 
KC\H, we may assume that k m — 1, by replacing g by a sub-sequential 
limit of /c~V 

We compute h m p = a m k' m UK,P G Q2 C W. The convergence of k' m 
says that k' m UK,P = u m K,P with w m convergent (possibly after passing 

to a sub-sequence). We write a (u) d = n aua~ l . Then, h m p = am (u m )KP 
since k conjugates A into P (in fact into A). Since a(a m ) — > 0, and 
are bounded, conjugation by a rn contracts u m into the identity and 
h m p therefore tends to kP. But the latter is in H/Q since k already 
lies in H. Hence the limit does not lie in Q2, contradicting the fact 
that Q 2 is compact. Therefore Uh is compact. 
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The second part of the lemma immediately follows since the inter- 
section of A with Uh is finite. □ 

Remark 1. Observe that if g does not lie in the product set HP (which 
is a Zariski closed subset of measure zero in G (since HP/ P = H/Q is 
closed and of of measure zero in G/P), then g(HP/P) D HP/ P = 0. 
Hence g(HP/ P) is a compact subset ofUifgjt HP. Now G \ HP is a 
Zariski open subset of G and hence intersects any Zariski dense subset 
non-trivially. 

Given a lattice A in if, and given a compact subset ficW, Lemma 
[251 shows that there exists a finite index subgroup A' of A such that 
non-trivial elements of A' drag Q into an arbitrarily small compact 
neighbourhood V of H/Q = HP/ P. 

By Remark [T] there exists g G G — HP such that g(V) C U. Replac- 
ing H/Q by g(H/Q) and A by gAg^ 1 , we see that all points of H/Q 
are dragged, by non-trivial elements of gAg^ 1 , into a small neighbour- 
hood of H/Q. The ping-pong lemma then guarantees that there exists 
a finite index subgroup subgroup A" such that the group T generated 
by A" and gA"g~ x is the free product of A" and gA u g~ x . 

We may replace g by a finite set <7i, • - such that for each pair 
the intersections gi(H/Q)f]gj(H/Q) and gi(H/Q)nH/Q are all empty. 
By arguments similar to the preceding paragraph, we can find a finite 
index subgroup A of A such that the group T generated by giA^g' 1 
is the free product of the groups giA g^~ , and by choosing the g^ suit- 
ably, we ensure that V is Zariski dense in G. This proves Theorem 
1, since V is discrete and since it operates properly disco ntinuously on 
some open set in G/P, T can not be a lattice. This proves Theorem [2^1 
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